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Abstract 

We consider geometrical problems on Gorenstein hypersurface orbifolds of dimension n> A 
through the theory of Hilbert scheme of group orbits. For a linear special group G acting on 
C", we study the G-Hilbert scheme, Hilb'^(C"), and crepant resolutions of C^/G for G'=the 
A-type abelian group Ar{n). For n = 4, we obtain the explicit structure of Hilb^''^^'' (C**). The 
crepant resolutions of C^/Ar(4) are constructed through their relation with Hilb'^'' (C^), and 
the connections between these crepant resolutions are found by the "flop" procedure of 4- folds. 
We also make some primitive discussion on Hilb'^(C") for the G— alternating group 2l„+i of 
degree n + 1 with the standard representation on C"; the detailed structure of Hilb^''(C'^) is 
explicitly constructed. 

2000 MSG: 14J35, 14J30, 14M25, 20G30. 
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1 Introduction 



The purpose of this paper is to study some geometrical problems of certain Gorenstein hypersurface 
orbifolds of dimension 4. The main focus will be on the structure of the newly developed concept 
of Hilbert scheme of group orbits and its connection with crepant rcsohitions of the orbifold. For a 
finite subgroup G in SL„(C), the G-Hilbert scheme, Hilb'^(C"), was first introduced by Nakamura et 
al [6, 8, 9, 14]; one primary goal aims to provide a conceptual understanding of crepant resolutions 
of C"/G for n = 3, whose solution was previously known by a computational method, relying 
heavily on Miller-Blichfeldt-Dickson classification of finite groups in SL3(C) [12] and the invariant 
theory of two simple groups, /go (icosahedral group), i/ies (Klein group) [11] ( for the existence 
of crepant resolutions, see [18] and references therein). For n = 2, Hilb'^(C^) is the minimal 
resolution of C^/G, hence it has the trivial canonical bundle [8, 9, 14]. For n = 3, it was expected 
that Hilb'^(C^) is a crepant resolution of C^/G. Recently the afHrmative answer was obtained, 
in [7, 15] for the abelian group G by techniques in toric geometry, and in [2] for a general group 
G by derived category methods bypassing the geometrical analysis of G-Hilbert scheme. With 
these successful results in dimension 3, a question naturally arises on the possible role of G-Hilbert 
scheme on crepant resolution problems of orbifolds in dimension n > 4. For n > 4, it is a well- 
known fact that C"/G might have no crepant resolutions at all, even for a cyclic group G and 
n = 4, (for a selection of examples, see e.g., [19]). To avoid many such complicated exceptional 
cases, we will restrict our attention only to those with hypersurface singularities. In this paper, we 
will address certain problems on two specific types of hypersurface Gorenstein quotient singularity, 
C^/G, of dimension n; one is the abelian group G = Ar{n) defined in (8) in the main body of the 
paper, the other group G is the alternating group of degree n + 1 acting on C" through the 

standard representation. In the case G = Ar{n), Hilb'^(C") is a toric variety, hence the methods for 
toric geometry provide an effectively tool to study its structure. For n = 4, we will give a detailed 
derivation of the smooth toric structure of Hilb'^''*-^^(C^), and construct the crepant toric resolutions 
of C'^/Ar{4:) by blowing-down the canonical divisors of Hilb'^''^^^(C^); in due course the "flop" of 
4-folds naturally arises in the process, (see Theorems 3.1, 3.2, 4.1 in the main text of this paper, 
whose statements were previously announced in [3]). We would expect the concept appeared in 
the proof of these theorems will inspire certain clue to other cases, not only the Ar{n)-type groups, 
but also for the non-abelian groups ( which are simple groups for n > 4). The group 2I4 

is a solvable group of order 12, also called the ternary trihedral group. The crepant resolution 
of C^/2t4 was explicitly constructed in [1], and the structure Hilb^(C^) over the origin orbit of 
was analyzed in detail in [6]. Through the representation theory of 2I4, we will give the direct 
verification that Hilb^(C^) is smooth and a crepant resolution of C^/2l4. Though the conclusion 
is known by the general result in [2] using qualitative arguments, the object of our detailed analysis 
aims to reveal that there exist certain common features in determining the structures of G-Hilbert 
schemes for certain abelian and non-abelian groups G by the computational methods, in hope that 
the approach could possibly be applied to higher dimensional cases. With this in mind, we will in 
this paper restrict our attention only to the case 2I4, leave possible generalizations, applications or 
implications to future work. 

This paper is organized as follows. In §2, we will summarize the main features of G-Hilbert 
scheme of group orbits, and results in toric geometry for the need of later discussion. We will also 
define the group G which we will consider in this paper. The next two sections will be devoted to 
the discussion of the structure of Hilb'^(C^) and crepant resolutions of C^/G for G = A- (4). For the 
simpler terminology to express the ideas, also for the description of geometry of flop of 4-folds, we 
will consider only the case ^i(4) in §3 to discuss the structure of Hilb"^^^^^(C^). The flop relation 
between crepant resolutions of C^/Ai(4) will be examined in detail through Hilb"^^^^-'(C^). In §4, we 
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will derive the solution of the corresponding problems for G = Ar (4) for a general positive integer 
r, with much more complicated techniques but a method much in tune with the previous section. 
In §5, we consider the case G = acting on C" through the standard representation for n = 3. 
By employing the structure of the fiber in Hilb^''(C^) over the origin orbit of C^/2t4 described in 
[6], we give an explicit construction of the smooth and crepant structure of Hilb^(C^) using finite 
group representation theory, along a line similar to the previous two sections in a certain sense. 
Finally we give the conclusion remarks in §6. 

Notations. To present our work, we prepare some notations. In this paper, by an orbifold 
we shall always mean the orbit space of a smooth complex manifold acted on by a finite group. 
Throughout the paper, G will always denote a finite group unless otherwise stated. We denote 

Irr(G) = {p ■ G — > GL(V^) an irreducible representation of G}. 

The trivial representation of G will be denoted by 1. For a G-module W, i.e., a G-linear represen- 
tation space W, one has the canonical irreducible decomposition: W = 0pgirr(G') where Wp 
is a G-submodule of W, isomorphic to Wp for some trivial G-module Wp. For an analytic 
variety X, we shall not distinguish the notions of vector bundle and locally free Ox-sheaf over X. 

2 G-Hilbert Scheme, Toric Geometry 

In this section, we brief review some basic facts on Hilb'^(C") ( the Hilbert scheme of G-orbits) 
and toric geometry necessary for later use, then specify the groups G for the discussion of the rest 
sections of this paper. 

First, we will always assume G to be a finite subgroup of SL„(C). Denote So '■= C^/G with 
the canonical projection, ttg : ^ Sg, and o := iraiO). As G acts on C" freely outside a finite 
collection of linear subspaces with codimension > 2, Sq is an orbifold with non-empty singular set 
Sing(S'G) of codimension > 2. In fact, the element o is a singular point of So- By a variety X 
birational over Sq, we will always mean a proper birational morphism a from X to Sq which is 
biregular between X \ {Smg{SG)) and Sq \ Sing(S'c), 

a-.X-^Sa. (1) 

One can form the commutative diagram via the birational morphism a, 

X Xsa — > 

i TT i TTG (2) 

X Sg. 

Denote Tx the coherent Ox-sheaf over X obtained by the push-forward of the structure sheaf of 
X Xsq C", J^x '■= 7r*OxxsQC"- For two varieties X,X' birational over Sg with the commutative 
diagram, 

X ^ Sg 
/^i II 
X' ^ Sg, 

one has a canonical morphism, ijl*J^x' — ^x- In particular, the morphism (1) gives rise to the 
Ox-morphism, 

a*{'KG*Ocn) — >• J^x ■ 
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Furthermore, all the above morphisms are compatible with the natural G-structure of Tx induced 

from the G-action on C" via (2). Then Tx has the canonical G-decomposition of coherent Ox- 
submodulcs: Tx = ©peirr(G)('^-^)p' where {Tx)p is the p-factor of Tx- The geometrical fibers 
of Tx and {Tx)p over x G X are defined by Tx,x = (g)^^ J^x, {^x)p,x = Kx)®Ox^-^^^P' 
where k{x){:= Ox,x/M.x) is the residue field at x. Over X \ cr~^(Sing(5'G)), Tx is a vector bundle 
of rank |G| with the regular G-representation on each geometric fiber. Hence {Tx)p is a vector 
bundle over X \cj~^(Sing(S'G')) with the rank equal to the dimension of Vp. For x G X, there exists 
a G-invariant ideal I{x) in C[Z](:= C[2^i, • • • , Z„]) such that the following relation holds, 

J'x,x = Hx)(^ Ocn (x) ~ C[Z]/I{x) . (3) 

We have {Tx)p,x — {'^[^]/^{^))p- The vector spaces C[Z]/I(x) form a family of finite dimensional 
G-modules parametrized hy x G X. For x ^ a^^{Smg{SG)), 'C[Z]/I{x) is a regular G-module. 
In particular, for X = in (3) and s e Sq, the G-invariant ideal I{s) of C[Z] is generated by 
the G-invariant polynomials vanishing at a~^{s). Let /(s) be the ideal of C[Z] consisting of all 
polynomials vanishing at a~^{s). Then I{s) is an G-invariant ideal with /(s) D I{s). For s = o, 
we have /(o) = C[Z']o and /(o) = C[Z]q^C[Z], where the subscript indicates the maximal ideal of 
polynomials vanishing at the origin. For a variety X birational over Sq via a in (1), one has the 
following relations of G-invariant ideals of C[Z]: 

I{s) D I{x) D I{s) , X e X , s = a{x) . 

For X € X, there exists a direct sum decomposition of C[Z] as G-modules, 

C[Z] = I{x)^ © I{x) . 

Here I{x)-^ is a finite dimensional G-module isomorphic to C[Z]/I(x). Similarly, we have G-module 
decompositions for s = a{x) G Sq, 

C[Z] = I{s)^ © I{s) , C[Z] = I{s)^ © I{s) 

so that the relations, I{s)-^ C I{x)-^ C I{s)-^, hold. Note that the above finite dimensional G- 
modulcs with superscript _L are not unique in C[Z] because there is a choice involved, nonetheless 
we could choose them such that this inclusions are fulfilled. One has the canonical G-decomposition 
of /(x)-*-: I{x)^ = 0pgirr(G) -^(^)p ' where the factor /(a;)^ is isomorphic to a positive finite sum 
of copies of Vp. 

Now we consider the varieties X birational over Sq such that Tx is a vector bundle. Among 
all such X, there exists a minimal object, called the G-Hilbert scheme in [8, 9, 14, 15], 

anm ■ Hilb^lC^) Sq • (4) 

By the definition of Hilb*^(C"), an element (i.e. closed point) p of Hilb*^(C"') is described by a 
G-invariant ideal /(= I{p)) of C[Z] of colength |G|, and the fiber of the vector bundle -^Hilb'^(C") 
over p can be identified with the regular G-module C[Z]/I{p). For simplicity of notations, we shall 
also make the identification of the element p with its associated ideal /, and write / G Hilb*^(C") 
in what follows if no confusion arises. For any other X, the map (1) can be factored through a 
birational morphism A from X onto Hilb*^(C") via crniib, 

X ^ So 

Ai II 
Hilb^(C") Sg . 
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In fact, the ideal I{x) of (3) is a colength |G| ideal in C[Z], by which the map A is defined. We will 

denote Xq the normalization of Hilb*^(C"), which is a normal variety over Sg with the birational 
morphism from Xq onto Sq- As every biregular automorphism of Sq can always be lifted to one 
of Hilb^(C"), hence also to Xq, one has the following result. 

Lemma 2.1 Let Aui{SG) be the group of biregular automorphisms of Sq- T/ieri Hilb*^(C"'), are 
Aut{SG) -varieties over Sq via Aut{SG)-morphisms. As a consequence, Xg is a toric variety for 
an abelian group G. 

Now we arc going to summarize some basic facts in toric geometry for the later discussion when 
the group G is abelian, ( for details, see e.g., [5, 10, 16]) . In this case, we consider G as a subgroup 
of the diagonal group Tq of GL„(C") with the identification Tq = C*". Regard C" as the partial 
compactification of Tq, 

GcToCC" . 

Let T be the torus Tq/G and consider Sg (= C^/G) as a T-space, 

T := Tq/G , TcSg . 

The combinatorial data of toric varieties are constructed from the lattices of 1-parameter subgroups 
and characters of tori T, Tq, 

Ar(:=Hom(C*,r)) D A^o(:= Hom(C*, Tq)) , 
M(:=Hom(r,C*)) C Mo(:= Hom(ro, C*)) . 

For convenience, Nq,N will be identified with the following lattices in M" in this paper. Denote 
by {e^}2=i the standard basis of R", and define the map exp : M" — * Tq by r(= X^^^iTje*) i-*- 
exp(r) := e^'^"^^'''e\ The lattices N, Nq are given by 

No = Z"(:= exp-^(l)) , N = cxp-\G) , 

and we have G ~ N/Nq. The lattice Mq dual to Nq is the standard one in the dual space M"*. 
In what follows, we shall identify Mq with the group of monomials in variables Zi, . . . ,Zn via the 
correspondence: 

n n 

/ = ^i%€Mo ^ Z' = llZl^ . 
s=l s=l 

The dual lattice M of iV is the sublattice of Mq, consisting of all G-invariant monomials. Among 
the varieties X birational over the T-space Sg, we shall consider only those X with a T-structure. 
It has been known that these toric varieties X are represented by certain combinatorial data in 
toric geometry. A toric variety over Sq is described by a fan S = {cTq, | a G 1} with the first 
quadrant of R" as its support, i.e., a rational convex cone decomposition of the first quadrant in 
M". Equivalcntly, these combinatorial data can also be described by the intersection of the fan and 
the standard simplex A in the first quadrant, 

A --{re M.^'lJ^^i = > V j} . (5) 

i 

The corresponding data in A are denoted by A = {Aq \ a € 1} with A^ := aa n A. Then A is a 
polytope decomposition of A with vertices in AnQ". Note that for ctq = {0}, we have Aq, = 0. Such 
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A will be called a rational polytope decomposition of A, and we will denote Xa the toric variety 

corresponding to A. If all vertices of A are in N, A is called an integral polytope decomposition of 
A. For a rational polytope decomposition A of A, we define A(i) := {A^ € A | dim(AQ,) = i} for 
— 1 < i < n — 1, (here dim(0) := —1). The T-orbits in X\ are parametrized by |JI=-i ^(0- f^'Ct, 
for Aq G A(z), there associates a (n — 1 — ■j)-dimensional T-orbit, which will be denoted by orb(AQ,). 
A toric divisor in X\ is the closure of an (n — l)-dimensional orbit, denoted by Dy = orh{v) for 
V € A(0). The canonical sheaf of X\ is expressed by the toric divisors (see, e.g. [5, 10, 16]), 

ux^ = OxA E K-IW ' (6) 

veA{o) 

where is the least positive integer with rrivV G N. In particular, X\ is crepant, i.e. , loxa = 
Oxa) if ^iid only if A is integral. On the other hand, the smoothness of X\ is described by the 
decomposition A to be a simplicial one with the multiplicity one property, i.e., for each Aq G 
A(n — 1), the elements niyV for v G Aq fl A(0) form a Z-basis of N. The following results are known 
for toric variety over Sq (see e.g. [17]): 

(1) The Euler number of X\ is given by xi^A) = |A(n — 1)|. 

(2) For a rational polytope decomposition A of A, any two of the following three properties 
imply the third one: 

Xa : non - singular, uxa = ^Xa > x(^a) = \G\. (7) 

In this paper, we shall consider only two specific series of hypersurface n-orbifold Sq for ra > 2. 
The first type can be regarded as a generalization of the ^-type Klein surface singularity, the group 
G is defined as follows, 

Arin) := {g G SL„(C) | g : diagonal , = 1} , r > 1 . (8) 

The yl^(n)-invariant polynomials in C[Z]{:= C[Zi, . . . , Zn]) are generated by monomials, X := 
nr=i ■~ ^j^^ (i = 1) ■ ■ ■ j*^)- Thus SA^(n) is realized as the hypersurface in C"'^^, 

n 

The ideal J(o) of C[Z] for the element o G Sa^^u) is given by I{o) = {Zl+^, Zi • • • 
hence 

n 

lio)^ = 0{C^' \I={i\...,n, 0<i^<r,lli^ = 0}. 

i=i 

For a nontrivial character p of Ar(n), the dimension of I{o)p is always greater than one. In fact, 
one can describe an explicit set of monomial generators of I{o)^ . For example, say I{o)'^ containing 
an element with / = (i^, . . . ,i"),i^ = and < then I{o)j- is generated by Z^s with 

K = {k^, ...,k^) given by 

[ — otherwise , 

here j runs through 1 to n. Note that some of the above n-tuples K might coincide. In particular 
for r = 1, the dimension of /(o)^ is equal to 2 for p ^ 1, with a basis consisting of Z^, Z^ whose 
indices satisfy the relations, < z*, z*' < 1, i'' + z''' = 1 for 1 < s < n. 
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The second type of group G is the alternating group 2l„+i (of degree n+1) acting on C" through 

the standard representation. The representation is induced from the hnear action of the symmetric 
group ©n+i on C""'"^ by permuting the coordinate indices, then restricting on the subspace 

n+l 

y = {(zi,...,z„+i)GC"+M Y.~^3 = ^} - . (10) 

We denote C[Z](:= C[Zi, • • • , Zn+i]) the coordinate ring of the affine (n + l)-space C'"+\ and their 
elementary symmetric polynomials := X]i<j^< <jj.<„_|_i -^ii ■ ■ ■ for 1 < A: < n + 1. The 2ln+i- 
invariant polynomials in C[Z] are generated by the above a^s and S := Y\i^j{Zi — Zj) with a relation 
= F{ai,a2, ■ ■ ■ , Cn+i) for certain polynomial F. In fact, F is a (quasi-)homogeneous polynomial 

of degree n(n + 1) with the weights of ak and S equal to k, '^^'^^^^ respectively. Denoted by si^,d 
the restriction functions of a^, 5 on V respectively. Then si is the zero function, and V/&n+i = C" 
via the coordinates (s2, . . . , Sn+i)- The orbifold S%^^-^{= V/^n+i) is a double cover of C", 

Then V/&n+i can be realized as a hypersurface in C""^-^ with the equation, 

S'SU+I : = Fn{s2,---,Sn+l) , (d,S2,---,Sn+l) e C"+\ (11) 

where F„(s2, . . . , Sn+i) := F{0, S2,... , Sn+i). The polynomial F„(s2, ■ ■ ■ , Sn+i) has a lengthy ex- 
pression in general. Here we list the polynomial F„ for n = 3,4: 

F3{s2, S3, S4) = -4:44 - 27s| + 164^4 - I28slsl + 144s2sis4 + 256s| ; 

-^4(52, S3, S4, S5) = -4s|s|s| - 274sl + IQsjsl + 144s2sis3 - 1285^5^ + 256s| - 72s|s3S4S5 

+108s|s5 - 630s2s|s4S5 - 1600s3S^S5 + 560.s^S3s|s5 + 16s|s|s5 - 900s|s4si 
+2250s|s4S^ + 2000s2slsi + 108s|s| + 825s|s|s| - 375OS2S3S5 + 3125sf ■ 

(12) 

3 Ai(4)-Singularity and Flop of 4- folds 

We now study the ^i(n)-singularity with n > 4. The set of A^-integral elements in A are given by 

A n iV = {e^' I 1 < j < n} U {v''^ \ 1 < i < j < n} , 

where v^'^ := ^(e* + e^) for i ^ j. Other than the simplex A itself, there is only one integral 
polytope decomposition of A invariant under all permutations of coordinates, and we will denote it 
by S. S(n — 1) consists of ra + 1 elements: (1 < i < n) and <>, where Aj is the simplex generated 
by and v^'^ for j ^ i, and O is the closure of A \ IJiLi equivalently O = the convex hull 
spanned by v^'^s for i ^ j. The lower dimensional polytopes of S are the faces of those in S(n — 1). 
X= has the trivial canonical sheaf. For n = 2, 3, is a crepant resolution of >S'^j(n)- For n = 4, 
one has the following result. 

Lemma 3.1 For n = 4, the toric variety Xs is smooth except one isolated singularity, which is the 
0- dimensional T-orbit corresponding to O. 

Proof. In general, for n > 4, it is easy to see that for each i, the vertices of Aj form a Z-basis of 
A'", e.g., say i = 1, it follows from 1^41 (n)| = 2"~^, and det{e^ ,v^'^ , ■ ■ ■ ,v^'") = Hence 
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is non-singular near the T-orbits associated to simplices in Aj. As O is not a simplex, orb(O) is 
always a singular point of X^. For n = 4, the statement of smoothness of except orb(O) follows 
from the fact that for 1 < i < 4, the vertices v^'^{j ^ i) of Xs, together with \ form a 

AT-basis. □ 

Remark 3.1 For n> 4, the following properties hold for 0- dimensional T-orbits of X'^. 

(1) Denote xa^ '■= orb(Aj) e X^ for I < j < n. The inverse of the matrix spanned by vertices 
of Aj, {v^'^ , • • • , v^~^'^ , ,v^^^'^ , • • • , v""'^)'^ , gives rise to affine coordinates {Ui, . . . , [/„) centered 
at XA, such that Ui = Zf (i ^ j), and Uj = — — Hence I{xa,a) = (-Z,-, ,i ^ j) +I{o), and 
we have the regular A\{n) -module structure of ClZ]/ I{xA.j), 

C[Z]/I{xA,) ^ e{CZ^ |/ = (n, . . .,in), ij = 0,zfc = 0, 1 for k ^ j) . (13) 

(2) We shall denote xo := orb(O) in Xs- The singular structure of xo is determined by 
the Ai{n) -invariant polynomials corresponding to the M -integral elements in the cone dual to the 
one generated by O in N^. So the Ai{n) -invariant polynomials are generated by Xj := Zj and 

Y- ■= ^ — ^__?it_ Hence I{xo) = {Zi ■ ■ ■ Zj ■ ■ ■ Zn)i<j<n + 1(0). Note that for n = 3, the Yjs indeed 
form the minimal generators for the invariant polynomials, which implies the smoothness of X^ ■ 
For n > 4, x<^ is a singularity, not of the hypersurface type. For n = A, the Xj,Yj (1 < j < 4) 
form a minimal set of generators of invariant polynomials, hence the structure near xo in X^ is 
the 4-- dimensional affine variety in defined by the relations: 

XiVi = xjyj, XiXj = yi>yj> , {xi,yi)i<i<4 G C^, (14) 

where i ^ j with {i',j'} the complementary pair of {i,j}. 

For the rest of this section, we shall consider only the case n = 4. We are going to discuss the 
structure of Hilb'^^''^-'(C^) and its connection with crepant resolutions of S'ai{4)- The simplex A is 
a tetrahedron, and O is an octahedron; both are acted on by the symmetric group ©4. The dual 
polygon of O is the cube. The facets of the octahedron O are labeled by Fj,Fj for 1 < j < 4, 
where Fj = <> r\ Aj and Fj = {^f^i x^e* € O \ xj = 0}. The dual of Fj, Fj in the cube are vertex, 
denoted by aj, a'- as in Fig. 1. 




Figure 1: Dual pair of octahedron and cube: Faces Fj,Fj of octahedron dual to vertices aj,a'j of 
cube. The face of the cube in gray color corresponds to the dot "•" in the octahedron. 

Consider the rational simplicial decomposition H* of A, which is a refinement of H by adding 
the center c := | Yl'j=i ^ ^ vertex with the barycentric decomposition of <> in H, (see Fig. 2). 
Note that c ^ N and 2c € N . For convenience, wc shall use the following convention: 
Notation. Let G be a diagonal group acting on C[Z]. Two monomials mi, m2 in C[Z] are said to 

be G-equivalent, denoted by mi~m2 or simply by mi ~ m2 , if mi/m2 is a G-invariant function. 
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Figure 2: The rational simplicial decomposition H* of A for n = 4,r = 1. 



Theorem 3.1 ForG = Ai{A), we have Hilb'^(C'') ~ X^*, which is non-singular with the canonical 
bundle ui = Ox^*{E), where E is an irreducible divisor isomorphic to the triple product ofF^, 



(15) 



Furthermore for {i,j, k} = {1, 2, 3}, the normal bundle of E when restricted on the fiber P^ (~ F^), 
for the projection E to x P^ via the {i,j)-th factor, 



Pk-.E — ^ P^ X P^ 



is the {—l)-hyperplane bundle: 



Ox^.{E) 



Opi ~ Cpi(-l) 

k 



(16) 



(17) 



Proof. First we show the smoothness of the toric variety X^* . The octahedron O of H is decomposed 
into eight simplices of H* corresponding to faces Ej,Fj of <>. Denote Cj (resp. Cj) the simplex of 
S* spanned by c and Fj (resp. F'); a^c, , 3^c' t^i^ corresponding 0-dimensional T-orbits in X^*. 

J •'3 

The smoothness of afHne space in Xh« near xc^ , xqi, follows from the AT-integral criterion of the 
cones in N-^ generated by Cj, C'j. The coordinate system is given by the integral basis of M which 
generates the cone dual to the cone spanned by Cj ( Cj). As examples, for Ci,C2, the coordinates 
are determined by the row vectors of the following square matrix: 



cone(Ci)*, 



/ -1 
1 

1 

\ 1 



1 1 \ 

-1 -1 

1 -1 

-1 1 J 



cone(C^)* 
, (i;3.4,2c,i;i'4,i;i'3)-i 



The coordinate functions oiX-^* centered at xq^ are given by (?7i, ^^3, ^4) = (^^§7^, ^^) 



/ -1 -1 1 1 \ 

2 

1-1-11 

V 1 -1 1 -ly 



' Z2 Zz Z4, Z1Z2 Z\Z-j, Z\Z/^ ' 
^ Z\ ' Z'zZ/^ ' Z^Z^ ' Zi 

with l(xc^ = ZiZ^, ZiZ4)+/(o), and the coordinates near X(ji are (C/{, U2, U^, U'^) = 

(t§'^l>f§,ff ) with i-(xc^) = (Z3Z4,Z|,ZiZ4,ZiZ3) + /(o). By the' Remark 3.1 (1), one 
has the smooth coordinate system centered at xa, in X^*- For Ai, by 



cone(Ai)*, {e^,v 



1,2 ,,1,3 ^,1A\-1 



( 1 

2 



V 



1 



-1 -1\ 
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one has the coordinate system near xai, (Vi, V2, V3, V4) = ( Z2zlz4 ^^h^i^^I) '^^^^ ^i^Ai) = 
{Zi, Zf, Z^, Zl)+I{o). Now we are going to show that C[Z]/I{y) is a regular G-modulc for y G Xs* . 
For an element y in the afiine neighborhood of with the coordinates Vi = Vi,{l < i < 4), one 
has 

I{y) = {Zi - viZ2Z^Zi, Zl - V2, Zl - V3, Zj - V4) (18) 

The set of monomials, {1, Z2, Z^, Z4, Z2ZS, Z2Z4, Z3Z4, Z2Z3Z4}, gives rise to a basis of C[Z]/I{y) 
for Vi G C; hence C[Z]/I{y) is a regular G-module. For y near xc^ with the coordinates Ui = 
Ui, (1 < i < 4), we have 

I{y) = {Z2Z2Z4 - uiZi, Z1Z2 - U2Z3Z4, Z1Z2 - U3Z2Z4, Z1Z4 - U4Z2Z2) + loiy) , (19) 

where /g(?/) = {ZiZ2Z^Z4 — u\u2U^U4,,Zl — uiU2U^U4^Z2—U2Ui,Z'^ — u^ui,Zl — U4Ui). This implies 
that C[Z\/I{y) is a regular G-module with a basis represented by {1, 2"!, ^2, ■Z'3, Z4, Z2-2'3, -^32'4, Z2Z4} 
Similarly, the same conclusion holds for y near xqi^ with the coordinates U[ = u'^,{l < « < 4), in 
which case we have 

I{y) = (Z3Z4 - u[ZiZ2, Z1Z4 - n'aZsZa, Z1Z3 - ^^2^4) + laiy) , (20) 

with Iciy) = {Z1Z2Z3Z4 — u'^ u'lu'^u'^, Z\ — u'2, Z\ — M2«3«4, Z| — i^y'[^2^4i -^4 ~ '^\^2^zl i ^'^'^ ^ basis 
of C[Z]//(y) represented by {1, Zi, Z2, Z3, Z4, Z1Z2, Z2ZS, Z2Z4}. The same argument can equally 
be applied to all affine charts centered at , xq^ , a^c" ■ Therefore we obtain a morphism 

A : Xs* — > Hilb^(C^) , with I{X{y)) = I{y), y £ X^* . 

We are going to show that the above morphism A is an isomorphism by constructing its inverse 
morphism. Let y' be an element of Hilb'^(C^), represented by a G-invariant ideal J C C[Z] with 
C[Z]/J as the regular G- module. By Grobner basis techniques [4], for a given monomial order, 
there is a monomial ideal lt(J), consisting of all leading monomials of elements in J, such that 
the monomial base of C[.Z]/lt(J) also gives rise to a basis of C\Z\/ J. By this fact, we shall first 
determine the G-invariant monomial ideal Jq in Hilb'^(C^). For a monomial /, we shall denote l"^ 
the set of monic monomials not in I. Since all nonconstant G- invariant monomials are in Jq, we 
have Z^ ^Z\Z2Z2,Z4 G Jq. Hence Jq is contained in the set !B := {Z^ \ I = (zi,..,Z4), iiZ2«3^4 = 
0)^j ^ 1}- For a nontrivial character p of G, the p-cigenspacc of /(o)^ for the clement G So is 
of dimension 2. This implies that for mi G 23 not equal to 1, there exists exactly one 7712 G "B 
not equal to mi with 1712 ~ mi. When Jq = I{xai), -^(^Ai)"*" has a monomial basis W := I{xai)^ 
consisting of eight elements ^2'^ ^3*^ Z4** , < ij < 1, and they form a basis of the G-regular 
representation. By replacing some monomials in W by the other G-equivalent ones in S, one 
obtains a G-regular basis W' . Denote Wq the set of monic monomials in C[Z]. The W's satisfying 
Wo-(Wo — V^') C (l^/Q — ^') are in one-to-one correspondence with monomial ideals Jqs in Hilb^(C'^) 
by the relation Jq = {Wq — W')c, hence W' = Jq- By direct counting, there are twelve such W' 
and the corresponding twelve Jo's, are exactly those I{xy\) for 9^ G S*(3). The correspondence 
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(21) 



between W' and $H by the relation W' = /(x«h)^ is given as follows: 

{1, Z2, Z-^, Z4, Z2Z-^, Z2Z4, Z^Z^, Z2Z-^Z4} w Ai, 

{1, Zi, Z3, Z4, Z1Z4, Z1Z3, Z3Z4, Z1Z3Z4} ^ A2, 

{1, Zi, Z2, Zi, Z1Z4, Z2Z4, Z1Z2, Z1Z2Z4} ^ A3, 

{1, Zi, Z2, Z^, Z2Z3, Z1Z3, Z1Z2, Z1Z2Z3} ^ A4, 

{1, Zi, Z2, Z3, Z4, Z2Z3, Z3Z4} ^ Ci, 

{1, Zi, Z2, Zs, Z4, Z1Z4, ZiZs, ZsZ4} C2, 

{1, Zi, Z2, Z3, Z4, Z1Z4, Z2-Z'4, Z1Z2} ^ C3, 

{1, Zi, Z2, Z3, Z4, Z2Z3, Z1Z3, Z1Z2} ^ C4, 

{1, Zi, Z2, Z3, Z4, Z1Z4, Z1Z3, Z1Z2} ^ C[, 

{1, Zi, Z2, Z3, Z4, Z2Z3, Z2Z4, Z1Z2} C2, 

{1, Zi, Z2, Z3, Z4, Z2Z3, Z1Z3, Z3Z4} ^ C3, 

{1, Zl, Z2, Z3, Z4, Z1Z4, Z2Z4, Z3Z4} •i-H- C4. 

Now we consider an ideal J in C[Z] which defines an element of Hilb^(C^). By the Grobner basis 

argument as before, there is a monomial ideal Jq{= lt(J)) such that Jq gives rise to a basis of 
C[Z]/J, and Jq = /(x^h) for some G H*(3). For p E C[Z], the element p + J S C[Z]/J is uniquely 
expressed in the form, p+J = Y^meJl ^^P'>"^'^ + ~ ^me jt l{p)rn'm G J. In particular, for 

a monomial p in C[Z], ( i.e., p € W^o); we have g • {p — X^^gjt l{p)m'ni) £ J ioi g E G. This implies 
~ Sj„gjt l{p)mlJ'g{p)~^ IJ'g{'n^)fn € J, where iig{m), iJLg{p) G C* are the the character values of g 
on m, p respectively; hence 



me Jg 



m & J. 



As Jq represents a G-regular basis for C[Z]/J, we have j{p)m IJ-gip) ^ i^g{f^) ~ 1 = for p G Wqj 
m E Jq and g E G. Furthermore, for each p G Wq, there exists an unique element, denoted by p ,t) 

in Jq with the property p ~ p^t • Hence for m G Jq, m 7^ p^t if and only if Hg{p)^^ Hg{m) — 1 / 
for some G G, in which case 7(p)m = 0. Therefore p — 7(p)p ^Pjt G J, and J is the ideal with the 
generators: 

J = {P- l{p)p ^^Pji I p G Wo n Jo ) . (22) 

Jq 

Indeed in the above expression of J, it suffices to consider those ps which from a minimal set of 
monomial generators of Jq. Now wc arc going to assign an element of X^* for a given J G Hilb'^(C^). 
If the monomial ideal Jq associated to J in our previous discussion is equal to I{xci), a minimal 
set of monomial generators of Jq and the basis representative set Jq of C[Z]/J are given by 

Jo = {^1, ^2, .., Z|, Z1Z2, Z1Z3, Z1Z4, Z2Z3Z4), 

•4 — ■^i' ■^s, ■Z'3, Z4, Z2Z3, Z2Z4, Z3Z4}. 
By (22), J contains the ideal generated by p — j{p)p ^Pjt for p = Zf, Z1Z2, Z1Z3, Z1Z4, Z2Z3Z4 for 

Jq 

1 < z < 4, which has the colength at most 8 in C[Z]. Therefore one obtains 

J= (■2^1-^4 — 7l4-^2'^3i -Z'lZs — 713Z2Z4, Z1Z2 — 712Z3Z4, Z2Z3Z4 — 7234Z1, 

Zi^ - 71, Z2^ - 72, Z32 - 73, Z4^ - 74 ) 
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Moreover, by 

= Z2{Zi^ - 7i) - Zi{ZiZ2 - 712^3-^4) = (71271374 - 7i)-^2 (modJ), 
and Z2 G Jq\ one has 

71 = 71271374 • 

By 

= Zi{Z4^ - 74) - ^4(^1^4 - 714^2-^3) = (7147234 - 74)2'i (modJ), 

one obtains 

72 = 7234712- 

Similarly, one has 

73 = 7234713)74 = 7234714, 

Therefore, all 7/s are expressed as functions of 712, 7i3, 7i4j 7234- This implies J = I{y) for an 
element y of Xs* in the affine neighborhood xc^ with the coordinate {Ui = Ui) by the relations, 

■"1 = 7234, W2=7l2, W3 = 7l3, ^4 = 7l4- 

The above y is defined to be the element A~^(J) in Xs* for the ideal J under the inverse map of 
A. The method can equally be applied to ideals J associated to another monomial ideal Jq. 
For Jo = I{xq0, we have 

J = {ZiZs — j'igZ2Z4^, ^1^4 — 7(4^2^3, Z3Z4 — 734^1^2, Zi^—j'i, ^2^— 72, ^3^ — 73, ^4^— 74). 

We claim that the variables 73, 734, 7^3, 7^4 form a system of coordinates near I{xq^), i.e., all the 
7jS can be expressed as certain polynomials of these four values. Indeed, we are going to show 
7i = 727i37i4> 73 = 727^3734 and 7^ = 727^4734-^ By 

Zi{ZiZ4 - 7m^2^3) - ^4(^1^ - 7i) = -7i4^1^2^3 + 7i^4 € J, 

one has 

^2(-7i4^1^2^3 + 7i^4) + 7i4^1^3(^| - 72) = 7i^2^4 - 7^472^1^3 € J, 

hence 

{j[Z2Z4 - 71472^1^3) + 7U72(^1^3 - 7i3^2^4) = (7^ ' 727137^)^2^4 € J- 

By the description in (21) for Cg, .Z^2-2'4 is an element in Jq, hence represents a basis element of 
C[Z]/J. The relation (7^ - 727137^) -^2 -^4 e J implies 

/ III r\ 

7i - 727i37i4 = • 

By interchanging the indices 1 and 3, (resp. 1 and 4), in the above derivation and regarding 
iij = ijv we obtain 73 = 727i3734 (resp. 74 = 727i4734)- Thus, 73, 7^3, 7^3 and 734 form the 

^Note that the group G in Section 6.1 of [15] (page 777) is the ^i(4) of Theorem 3.1 in this paper. However, 
we would consider that the statement in [15] about the singular property of Hilb''(C*) by using the structure of 
7(r3)(«) there, is not correct. Indeed, by identifying Z2, Z3, Z4, Zi with x, y, z, w, and 72, 73, 74, 7i, 734, 713, 7i4 with 
ui,U2, - ■ ■ ,U7 respectively, the ideal J in our discussion corresponds to /(r3)(M) in [15]. Then through the three 
relations we have obtained here, one can easily verify that all the relations among the WjS listed in page 778 of [15] 
hold. 
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four independent parameters to describe the ideals J near Jq = I{xc0 with the regular G-module 
C[Z]/J. Therefore J = I{y) for y near xq^ with the coordinates {U- = u'^) via the relations, 

U2 = 72, u'l = 734, ^^3 = 7m, ^^4 = 7^3 • 

For Jo = /(xAi), we have J = {Zi - ilZ2Z^Zi, Z^^ - j'l Z^'^ - 7^', - j'l). Hence J = I{y) 
for y near xai with the coordinates (V^ = Vi) and the relations, Vi = 7" for 1 < z < 4. The previous 
discussions of three cases can be applied to each of the twelve monomial ideals Jo's by a suitable 
change of indices. Hence one obtains an element A~^(J) in X=* of an ideal J G Hilb'^(C^). 

However, one has to verify the correspondence so defined to be a single- valued map, namely, 
for a given J with two possible choices of Jq, the elements in X^* assigned to J through the previous 
procedure through these two Jq are the same one. For example, say J = I{yi) = I{y2) for yi near 
XAi with {Vi = Vi), and 1/2 near xci with (Ui = Ui). By (18), (19), both Z2Z3Z4 — u\Z\ and 
Z\ — viZ2Z^Z/i are elements in J. We claim that ui 7^ 0. Otherwise, both Zi and are 
elements in J with the same G-character n. Then the K-eigenspace in C[Z]/J is the zero space, a 
contradiction to the regular G-module property of £,[Z]/J. Hence one has Zi — u\~^Z2Z^Zi G J, 
hence {vi — ni~^).^2-^3-^4 ^ J- As J = I{yi) with yi near xai, ^2 ^3^4 represents a basis element 
of C[Z]/ J . Hence vi = ui~^. By Z1Z2 — U2Z-^Z/^, Z^^ — V2 G J, one has V2Z1 — n2.^2^3^4(= 
{Z1Z2 — U2Z^Zi)Z2 — {Z2^ — V2)Zi) G J. As Z2Z'^Z^ J, one has n2 = if ^2 = 0. When V2 / 0, 
we have, Z\ — 'U2^2~^-^2-^3'^4 € -^^ hence 

{V\ - U2V2~^)Z2Z2,Z/^ G J, tt2 = V\V2 ■ 

Using the same argument, one can derives Uj = viVj for j = 2,3,4. These three relations, together 
with ui = vi^^, imply yi = y2 in X^*. 

For y2 near with (Ui = u^), and y^ near xc>^ with (C/^' = u'J, by (19) (20), both Z1Z2— ^2.^3.^4 
and 2^3.^4 — v!-^Z\Z2 are elements in J; furthermore, U2,Ui are non-zero by the fact that only one 
of Z1Z2, Z3Z4 could be an element of J. By an argument similar to the one before, one can show 

u'l = U2~^, = 7X4, U4 = u'^. 

By Z2ZSZ4 — u\Z\, Z-^Z/^ — u'iZiZ2, Z2' — u'2 G J, we have 

(Z2Z3Z4 - 7x1^1)^2 = {u\u'2 - ui)ZiZ2 = modJ . 

As Z1Z2 represents a basis element of C[Z]/J, one has ui = u'lU^- The four relations between -UjS 
and u'^s imply 7/2 = 2/3 in -'^H* • In this way, one can show directly that for a given ideal J with 
J = I{y) = I{y') for y, y' in X^* , the elements y and y' arc the same one by the relations of toric 
coordinates centered at two distinct xy^s. Hence we have obtained a well-defined morphism 
from Hilb^(C'^) to Xs*, then Hilb'^(C^) ~ Xs*. By (6), the canonical bundle of Xs*. is given 
by a; = Ox„*{E), where E denotes the toric divisor Dc, which is a 3-dimensional complete toric 
variety with the toric data described by the star of c in H*, which is represented by the octahedron 
in Fig. 1, where the cube in Fig. 1 represents the toric orbits' structure. Therefore E is isomorphic 
to the triple product of as in (15). The description of the normal bundle of E restricting on 
each P-^-fiber will follow by the direct computation in toric geometry. For example, for the fibers 
over the projection of E onto (P^)^ corresponding to the 2-convex set spanned by f v^''^, w"^'^ and 
v'^''^, one can perform the computation as follows. Let (C/i, U2, U3, U4) be the local coordinates near 
xq^ dual to the AT-basis (2c, v^'"^ ,v^'^ jv"^'^), and let {Wi, W2, W3, W4) be the local coordinates near 
xci dual to (2c, v^''^,v^'^, v'^'^). By 2c = v^'^ + v^'^, one has the relations, Ui = W1W4 , U4 = W^^, 
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U2 = H 2, U3 = W3. This shows that the restriction of the normal bundle of E on each fiber P 
over (C/2, f4)-plane is the (— l)-hyperplane bundle. □ 

Note that the vector bundle over Xw* in Theorem 3.1 carries the regular G-module structure 
on each fiber with the local frame of the vector bundle provided by the structure of C[Z]/I{xy^) for 
9\ G H*(3) with the representative in the list (21). 

By the standard blowing-down criterion of an exceptional divisor, the property (17) ensures the 
existence of a smooth 4-fold (Xs*)fc by blowing-down the P^-family along the projection (16) for 
each k. In fact, {Xs*)k is also a toric variety X^.^. with defined by the refinement of S by adding 
the segment connecting v^'^ and f*'-' to divide the central polygon O into four simplices, where 
{i,j,k} = {1,2,3}. Each X^^ is a crepant resolution of X^{= Sq), and one has the refinement 
relation of toric varieties : H ^ H/j ^ H* for k = 1,2,3. The polyhedral decomposition in the 
central core O appeared in the refinements is indicated by the following relation, 

O^Ok^O*, k = 1,2,3, 

whose pictorial realization is shown in Fig. 3. The connection between these three smooth 4-folds 



34 




Figure 3: Toric representation of 4-dimensional flops in the second row over a common singular 
base in the third row and dominated by the same 4-fold in the first row. 

corresponding to these different O^s can be regarded as the "flop" relation of 4-folds, an analogy 
to the similar procedure in birational geometry of 3-folds [13] . Each one is a "small" ^ resolution of 
the 4-dimensional isolated singularity with the defining equation (14). Hence we have shown the 
following result. 

^Here the "smallness" for a resolution means one with the exceptional locus of codimension > 2. 
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Theorem 3.2 For G = Ai(4), there are crepant resolutions of Sq obtained by blowing down the 
divisor E o/Hilb'^(C^) along (16) in Theorem 3.1. Any two such resolutions differ by a "flop" of 
A-folds. 



4 G-Hilbert Scheme, Crepant Resolution of C^/Ar(4) 

In this section, we give a complete proof of a general result as in Theorem 3.2, but on the group 
Ar{4) for all r. 

Theorem 4.1 For G = Ar{A), the G-Hilbert scheme Hilb'^(C^) is a non-singular toric variety with 

the canonical bundle, uj = CHilb'^(C4)(^fc=i ^k) with m = l(l±il(l±Hl^ where E/^s are disjoint smooth 
exceptional divisors in Hilb'^(C^), each of which satisfies the conditions (15) (17). By blowing down 
Ek to ¥^ X via a projection (16) for each k, it gives rise to a toric crepant resolution Sq of Sq 
with x{Sg) = l^r(4)| = (r + 1)\ Furthermore, any two such Sqs differ by a sequence of flops. 

Proof. First we define the simplicial decomposition H* of (5) for n = 4, and then we will show that 
the toric variety X=* is isomorphic to Hilb^(C'^). We shall denote an element of D A by 

m/ fmi m4)S mie^ + m2e^ + mac^ + m4e^ ^ , i , i 

r + 1 



i=l 



For each v"* G iV n A, there are four hyperplanes passing through v"*, and parallel to one of the 
four facets of A. The collection of all such hyperplanes gives rise to a polytope decomposition of 
A, denoted by E, (for r = 2 see the left one of Fig. 4). 



m+(0,0,-l,l) ' 




m+(l,0,-l,0). 




m+(-l,0,0,l) ' 



m+lf-1,1,-1,1) t 



m+(-l,l,0,0) ' 



m+(0,l,-l,0) 



m+(0,l,0,-l) 



Figure 4: The polytope decomposition H of A for r = 2 and local figure of H. 



Now we examine the polytope structure of H. We have H(0) = A'' n A. For each v™ G ^(0), 
there are at most twelve segments in H(l) containing v"*, and they are given by (v"»,v"*(^'^')) for 
i ^ j, 1 < i, J < 4, where m{i,j) := m + e* — e^ . For a given (v"^, v"^^''^^), the hyperplane passing 
v"' in M"^ with the normal vector e* — separates A into two polytopes A's, (one of which could 
possibly be the empty set). We are going to discuss those elements in H containing v™ and lying 
in a non-empty polytope of these two divided ones. For easier description of our conclusion, also 
for the simplicity of notions, wc shall work on a special model case, say i = 2,j = 3, and the non- 
empty polytope A' consisting of those elements in A with non-negative inner-product to — e^. 
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( no difficulties for a similar discussion will arise on other cases except for a suitable change of 
indices). The elements in S(3) contained in A' with v"* as one of its vertices are the following ones: 



Oh 



= ^v"^^ v"^(^'^), v"*(^'^), v"^(^'^)), Arf := (v"*,v"^(^'^), v"^(^'^), v"*(^'^)), 

^ l^^m^ y^m{2,-i) ^ -^m(4,3) ^ ^m(2,l) ^ ^m(4,l) ^ ^m+{-l,l -1,1)* ^ ^ 
= ^v"^, V"*(^'^\ V™(^'^\ v'"^^'^), v"^(^'^), v"'+(^'^'~^'~^)*) . 



(23) 



Note that 0± are similar by interchanging and e^, ( for the configuration of A„, A,^, 0_|_, see the 
right one of Fig. 4). Both A„, A^^ are 3-simplices with their vertices forming an integral basis of N, 
and one facet of each of these 3-simplices is parallel to that of A. The toric data of A^, A^ give rise 
to the smooth affinc open subsets of X=. The polytope 0_)_ (0_) is an octahedron with the center 

respectively). We shall mark the octahedron by its 



2(r+l) V"- ' 2(r+l) 

center c, and denote it by O*^. The affine open subset of with the toric data is smooth except 
one isolated singular point x<yc , an 0-dimensional toric orbit of the affinc toric variety. Hence, one 
can conclude that H(3) consists of three type of elements: A„, A^ or O'^. The toric variety is 
smooth except the finite number isolated singularities, xo=s. The structure of near a singular 
element x<^c can be determined in the following manner. For a given O*^, one can construct a 
tetrahedron A'^ inside A with the core O*^ adjacent to four elements A^ (1 < j < 4) in Ei(3) of type 
A„ or Ad, 



A'^ = O"^ U 



5CA 



such that O'^ n A^ (1 < J < 4) are four facets of O'^, two of which intersect only at one common 
vertex, ( there could have two possible ways of forming such A'^ with the same core O"^). Consider 
the rational simplicial decomposition S* of A, which is a refinement of H by adding c as a vertex 
with the barycentric simplicial decomposition O'^ for all c. In fact, the octahedron O'^ is decomposed 
into the following eight 4-simplices of H* : 



riic 



= {c, c + 



2(r+l) 



2(r+l) 



+ 2(r+l) 

(c, C + 
(c + 
(c + 
(c + 



c + 

c + 



2(r+l) 
2(r+l) 



C + 



2(r+l) 



2(r+l) 



C + 



2(r+l) 
-el+e^-e='+e^ 



2{r+l) 



C + 



C + 

^"l" 2(r+ll /' 



2(r+l) 



C + 



2(r+l) 



2(r-l) 
-e^+(.--e'"' + e'^ 
2(r+l) 

2(r+l) 



C. C 



C + 



2(r+.l) 
2(r+l) 



C + 



2(r+l) 

2(r+l) /' 



(24) 



c + 



2Cr+l) 



2(r+l) 



C + 



C + 



2(r+l) 



2(r+l) 



-,c). 



All vertices appeared in the above simplices are elements in A?^ n A except c , while 2c G A/", (see 
Fig. 5) 

One can determine the singularity structure of the variety near xo<= by examining the toric 
orbits associated to A"^. The toric data in for the lattice A" and the cone generated by A'^ 
are isomorphic to the toric data of the lattice for the group A\ (4) with the first quadrant cone in 
Lemma 3.1. Hence as toric varieties, the structure of A= near the singularity is the same as 
that for ^1(4). One can apply the result of Theorem 4.1 to describe the local structure of X=* 
over the singular point x<^c of X^. Hence one concludes that X-^* is a smooth toric variety with 
the canonical bundle, = C'xo* (X]o=eS(4) -^c), where Ec is the toric divisor associated to the 

vertex c in X-^* , and it satisfies the properties (15) (17). By (7) and the structure of one obtains 
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c+(-l,-l,l,l)* /(2r+2) -^^+(-1,1,-1,1)* /(2r+2) 



c+(-l,l,l,-l)* 
c+(l,-l,l,-l)*/(2r+2)\^ 



?S^+(i-l,-l,l)'/(2r+2) 




.t /r,,.,.\/^^+(14,-l,-l)*/(2r+2) 



Figure 5: Local figure of the decomposition of the octahedron in the right one of Fig. 4 by adding 
c. 



the desired crepant resolutions 5'yi^(4) by blowing-down each Ec to x as in Theorem 3.2. and 
different crepant resolutions are connected by flop relation. It remains to show X^* — Hilb'^(C^), 
and the total number of O'^s is equal to l(!±ll(!±H) As in the proof of Theorem 3.1, we first 
construct a regular morphism A from X=* to Hilb^(C^) by examining I{y) for y G X^* in terms of 
toric coordinates. For 9i G S*(3), we denote x^h := orb(fH) G X^* . For the simplicity of notions, we 
again work on some special 3-simplices as the model cases, whose argument can equally be applied 
to all elements in S* (3) . We consider the 3-simplices of X^* contained in the first three polytopes 
in (23), and they are: A^jA^ of (23) and the eight simpliccs of (24) with c = v™ + ~^2(^_^i)~^ ■ 



The affine toric coordinates for X^* are determined by the integral basis of M in the simplicial 
cone dual to the one in N generated by the corresponding 3-simplex. By computation, the affine 
coordinate systems corresponding to these 3-simplices are as follows: 

A • T/(™2) -rr(m3-l) -^AmAi^ t:AI) 



A . /'t/("^i) t/('"2+1) T/(m3) T/(m4)N t/(0 ._ (-^l--^i--^4)' 



(Zi..Zj..Z4) 
.Zi... 

z7^- 



CC. (tAc) tAc) jAc) jAc)x jAc) \"J"J"ft-V jr 

^» • ^i,2' ^i,3' ^i,4^' — _^.(^+i)(i_c,)-i ' — ^^^^(r-+l)(ci+c^) ' 

r'c. (jAc) jAc) .Ac) rAcA .Ac) ._ .(e) {Z,Z,)ir+m-c.-Cs) 

Here the indices i,j,k,s indicate the four 3 by permuting 1,2,3,4 , and we shall adopt this con- 
vention for the rest of this proof if no confusion will arise. Define the following eigen-polynomials 
of G for /? G C and integers / with 0<l<{r + l), 

fI'\p) = Zi-l3{Z,ZkZsf-+'^-\G^]{0) = {Z,Z,f-l3{ZkZsf-+^^-\Hf\(i) = [Z.Z.Z,)' -(iZi^'^^'-^-K 

Let y be an element of X-=*. For y near with coordinates {V^"^^ ^v!^^^ ^V^^ "^^V^^'""^) = 
(vi, U2, Us, 'U4), the ideal /(y) has the generators, 

f'(^^-'^^\v{), F^'^^-'^'\v2\ F^'-^''-'^'\v^l Ft^^-'^'Xv^), Gt^^'^'\v^V2), 
G%'^^^^'\v,v^), gS7+"^^)(^;i^4), G^^^'^^^'Xv^v^), g'-^.^^'^^^Iv^v,), Gf^i^^'^'\v^v,), 

H^^^^\v2V^Vi), H'^'^'^^\viVzVi), H^^^\viV2V4), H["^'^~^^\viV2V3), Z1Z2Z3Z4 - VIV2V3V4. 

(25) 



(Z,Z,Zfc)('-+iM+l ^^(e) _ (Z,Z,)('-+i)(i-^^-^^) 
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For y near xa^ with coordinates {y^i^^) ^y^^^^^^) ^v^i^''\v^-'^'^'^) = {v'^.v'^.v'^.v'^), I{y) has the 
generators: 

f[^^'-^\v',v',v',), Ff-^\v'M\ Ft'-^\v[v',v',), Ft^'-^\v'M), 
G^r2^"''\v'sv'^), G^;^^'^"''^'\v'2v'^), gS7+"^^+')(i;^i;,^), g'P^'^'''''\v[v'^), G^^^'+'^'^v'.v'^), 
ct^'^'^'HvW,), Ht^\v[), Ht'^'^iv',), Ht^\v',), ifh^K), Z,Z,ZsZ,-vW2vW4- 

(26) 

For y near xq^ with coordinates {U-l^'^ = ui)i<^i^4, I{y) has the generators: 

Fi {U1U2U3U4), F- [UiUj), F^ [UiUk), 

^(.+l)(c.+c.)(^.^^ ^(r+l)(c,+c.)^^^^^ ^(.+l)(c,+c,)^^^^^ 

g5::^)(-+-)+\«^«,«.), gJ.^^'^^'+^'^^+^z..^;^,^.), Gt+^^^^'+'^^^+^n.^n.M.), (27) 

((r+l)ci+i) ((r+l)c,+i), . ((r+l)cfe+i), . ((r+l)c, + i), . 

if. (Mi), Hj {uiUkUs), {uiUjUs), Hs [uiUjUk), 

Z1Z2Z3Z4 - Ui^UjUkUg. 

For y near xqic with the coordinates {U[\'^^ = u'i)i<i<4, I{y) has the generators: 
p(..«)(»«.,+i,„,2„,„,)_ G.':,«'("'+-'+'(u';^u;<). G<7"<-'«'-'«(»f»>y, 

^(r+l)(ci+cs)/ /N /^(r+l)(ci+Cfc)/ / N ^(r+l)(ci+Cj). , x 
i,*; ^ s)^ ^j,s V^k)^ ^k,s 

((r+l)ci+i). , / / /N „((r+l)cj + i) , , ,x ((r+l)cfc + i). , (cs + i). , 

H- {u^u^u^u^), H. («'.«;.), ii^ (m^m'J, ii, (m^O, 

Zi Z2 Z^Z^-u'^ u'j u'^u'g. 

(28) 

The centers of the above affine charts have the monomial ideals , say the one near .xa„, I{xAu) is 
obtained by setting t;/ = in (25), hence an monomial ideal. There are exactly (r + 1)^ monomials 
not in i(xA„), i-e., |i(xAu)^| = {f + 1)^- For y near xa^, by using (25) and employing the Grobner 
basis techniques and the toric data, one obtains the colength of I{y) in C[Z] satisfying the relation, 
colcngth(/(y)) < colength(/(xA„)) = {r + 1)^; this implies colength (/(y)) = (r + 1)^. By which 
it determines an element X(y) G Hilb*^(C^). One can also show the colength of i(y) equal to 
(r + 1)'^ for y in other affine charts using (26) (27) (28). The same conclusion holds for y in any 
afHne coordinate neighborhood centered at x<}\ for D\ G S*(3), and one obtains an element A(y) in 
Hilb'^(C^), by which the morphism A : X=* — > Hilb'^(C^) is defined. 

Now we are going to show that A is an isomorphism. For n G Z, we denote n the unique integer 
satisfying the relation, 

n = n (mod r + 1), 0<n<r. 

We first determine the G-invariant monomial ideals Jq in Hilb'^''^^^(C^). For a such Jq, the set 

Jq := Wq \ {Wq n Jo) forms a basis of a G-regular representation space. Denote li the smallest 
integer with Z'' G Jq; hj the smallest one with [ZiZjf^i G Jq for i 7^ j, and so on. By 1 Jq, and 
1 ~ Zi^^ ~ Z\Z2Z-iZ4^ we have Z,'^'"'"^, Z1Z2Z3Z4 G Jq, i.e. I(o) C Jq, and the following relations 
hold, 

1 < kjk <kj <k<r + l . 
By C I{o)-^, and (9) for the description of the G-eigenspace of I{o)^, {ZjZkZsY~^^~''' is the only 
monomial u G I(o)t with u ~ which implies {ZjZkZsY+^'^' G 4 and {ZjZkZsY+'^-^* G Jo, 
hence Ijks = r + 2 — l^. By a similar argument, one has Iks = r + 2 — hj- Hence we have 

h + Ijks = hj + lks = r + 2 . (29) 
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We claim that Jq is the ideal with generators given by 

Jo = {ZiZ,f\ {ZiZjZkt^", I i,3,k) . (30) 



(Note that distinct numbers among 1, 2, 3, 4 as before). Let Jq the ideal in the right hand 

side of (30 ). Then /(o) C Jg C Jq- Suppose Jg 7^ Jq, equivalently JqCiJ^ ^ 0. For the convenience 
of notations but without loss of generality, we may assume Z'^Z'^^Z'^^ € Jq fl Jq for 12 < is < U- 
Hence 12 < ^234,^3 < ^34,^4 < k, which implies pi (:= Z^234-i^t34-i2'J-i) ^ Jon/(0)t. By (9), the 
rest of monomials p in I{o)^ with p ~ pi are given by 

r+2-;234 r^U-h^i ^ ._ ^ r+2-;34 ^ ?-+l+<234-^34 rzU-b^ 

P2 ■— ^1 ^3 ^4 , PS •— ^1 ^2 ^4 ' 

„r+2-i4 r^ r+l+hsd-U ^ r-+l+^34-U 

Pa := Zj Z2 Z3 , 

among which exactly only one belongs to Jq. We have pi = p2 when ^234 = 1- If ^234 > 1, by (29) 
wc have r + 2 — /234 = ^i- Therefore p2 G Jo- When ^234 = ^347 we have p2 = Ps- When ^234 < ^34, 
P3 = {ZiZ2y^-' Z^'""' Z^^^'^''^ by (29), hence ps € Jo- Similarly, ps = p^ when Im = U- If ^34 < U, 
U4 = (^1^2-^3)''^^ ■^2''^* -^3^*, hence p4 e ^o- Therefore G Jq for 1 < z < 4, a contradiction to their 
relations with Jq. We are going to show the following relations hold for i ^ j, 

r + l<li + lj-lij <r + 2 . (31) 

Consider the element w (:= Z^^Zj'^ ^^hjk 1^ -^^ Among the following monomials G-equivalent 
to w, 



Z-- Z . Zi , W2 = Z-- Zr Z-g 



W3 - z . z^ z^ 



there exists exactly one in J^. It is easy to see that wi = Z^ — 'j^^ ^^ik g unless /.^fc = 1, 
in which case toi = G Jg if < r + 1, and w\ = w^, \Hi = r ^ 1. We have w\ = W2 if hj = hjk- 
When lij > /jjfc, it;2 = Z ^^ '"^'^^ ^'■ks+hjk-'i- ^ij^^ ^ Therefore W3 is the element of J^ G-equivalent 
to w, which by the expression of the power of Zj, implies 

r+l<li + lj- lij . 

As a consequence of the above inequality, we have Ij = r + 1 and li + Ij — lij = r + 1 when lij = li, 

in particular (31) holds. Hence we may assume lij < li, in which case h := Zl'-^Z^/^ZI^'" ^ e Jo. 
Among the following monomials G-equivalent to h. 

Hi — Zj^ Zj. Zs , ll2 — Z- Z^ Zg , 

^ ^ r+2-k+k, ^r+l-l,+k,,^r^2-k ^ 

there exists exactly one in Jg. We have hi = h € Jq if lijk = 1- When lij^ > 1, hi = 
^k-kjk^kj-kjk+i^l^,^ ^ j^^g ^ Z^I^Z^,:'''~\ZjZkZsy^^' G Jo unless k = kj + 1, 

in which case, /13 = /i2- Therefore we have /12 G Jg, which implies /j — l^j — 1 < liks — 1; hence 
k + Ij - kj <r + 2 by (29 ). Therefore we obtain the relation (31). With (i, j) = (1,2), (3,4) in 
(31) (29), we have 3r + 4 < h < 3r + 6. Using (29), one obtains the all possible cases of 

li + Ij — lij for a given value of Yl'^i=i consequently, all the values of Ijs are determined by ZjS. 
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By comparing the polynomials at the origin in (25) (26) (27) (28), Jq = /(x^h) for 9\ G E;*(3) by 
the following relations: 



(32) 



El=i^j = 3r + 4, kj = k + Ij - r - 1; 

^d- El=i^j=3r + 6, lij = li + lj-r-2; 

• Ei=i h = 3r + 5, kj = k + Ij - r - 2 , Iks = h + h - r - I] 

: Ej=i t-j = 3r + 5, kj = k + Ij - r - 1 , ks = k + Is - r - 2 , 

where the indices in toric data are connected to the ZjS by the following relations, 

A„ : l3 = r + 2-m3,lj = r + l- mj, (j / 3) , 
Ad : Z2 = r + 1 - m2, = r + 2 - mj, (j 7^ 2) , 
Cf,C7f: Z,. = (r + l)(l-c,) + i, c=2;:^E-=i(2r + 3-2/,)e^-. 

With := r + 1 — Zj, Z^s are 4 positive integers satisfying the equation Ei=i = "^i*'^ ^' — 

/ L' + 3\ 

r, r — 1, r — 2. The number of solutions of I'^s is equal to I I . Hence one obtains the following 



3 

numbers of 9^ G H*(3) for the toric data in (23) (24) using the relation with ZjS: 

(r + l)(r + 2)(r + 3) (r - l)r(r + 1) r(r + l)(r + 2) 
#|Au) = ^ , #|Ad} = g , #|c| = g . (33) 

Let J be a G-invariant ideal representing an element in Hilb'^(C^). With the Grobner basis 
argument as in Theorem 3.1, there is a monomial ideal Jq in Hilb'^(C^) such that Jq gives rise to a 
basis of C[Z]/J with the relation (22). As Jo = /(x^h) for some 9^ G S*(3), which is determined by 
the integers kJijJijk with the relations in (29) (32), this implies that for some 7^, ^ij,^jks^ 71234 € C, 
the polynomials F^^'\'yi),Gfj'\jij), Hf''''\'yjks) and Z1Z2Z3Z4 - 71234 are elements of J. Prom 
the expressions of {l3),Gf}j{P), Hj^''\p), and using dim(C[Z]/J) = (r + 1)^, one can conclude 

J = {Fl'^\7i), G'^^^(rfij),Hf^''^{jjks), ZiZ2Z3Z, - Jl23Akj,k,s 

Wc arc going to determine the relations among the 77S using the relations (29) (32) and according 
to the type of Z^s. By 

(71234 - 712374)^4'*-' = ^lZ2^3i^i''^(74) - 74-fff ''^(7123) - ^4'^"'(^1^2^3^4 - 71234) £ J, 

and Z^*'^ J, we have 71234 = 712374- 

For J with Jq of type A^, by (32) we have 

(7123 -7l273)^3'^^-'^4^^-' = (ZiZ2)'l^3i.a3)(^^) _^^«34-l^('m)(^^^3)^ 
(713 - 7173)^3^^^^-H^2^4)^^^-^ = 73(^2^4)'i^^-^i^i^'^^(7l) + ^l^^^F^ ^(73) - ^3^^-'^^Gg^^(7l3), 

which are elements in J. By Z3^^-^ Z4^*-^ , Z3^''^-^ {Z2Z4y-'*-'^ G 4, we have 7123 = 71723,723 = 
7273- By permuting the indices, one obtains 7/ = Yiiei ^ subset / of {1, 2, 3, 4}. By (25)(33), 
we have J = I{y) for y near xa„ with the coordinates Vi = 7j. 

When Jo is of type A„, by (32), the following elements are in J, 

(7127134 - 7l)^2'^^^^-'(^3^4)'3^-^ = (^3^4)'^^^^^^ "^'(71) " 7l34^2'=^^^-'Gg^) (712) " ^i'i^f('^^^)(7i34), 
(712 - 7l237l24)^3'^-'^4'^*-' = -^3'^^^Gi'f ) (712) +7l23^4^^*-'i^^'''^ (7124) + (^1^2)'i^*i?r '^'^ (7123) 
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Therefore 71 = 7127134 and 712 = 71237124- Set = ^. With the same argument, one obtains 
7/ = rije/' ^ 7^ 1234, where /' is the complement set of / in {1, 2, 3, 4}. Therefore by (26) 

(33), J = I{y) for y near xa^ having u^'s as coordinates. 

When Jo is of type Cf or C^'^, without loss of generality, we may assume z = 1. In the case Cf , 
the following elements are in J by (32), 

(7123 -7l372)(^1^3)'"^-^^4'^-' =7l3^4^^^-'Fi''^(72) +^2^^^-'"^+'Gg'^(7l3) " {ZiZsY^^^-^ Hf'''\ji23), 
{l2-7l2l234)Z['''-\ZsZ,y^-^ = -(Z3Z4)^234^fe)(^^) +^^^^^^/l34-lGg'^(7l2) + 4'^f"'^(7234), 
(71 - 7127134)^^^^-' (^3^4)'^^-^ = -{ZsZ^y^-l^.^Fi''\ji) + 7l34^2'^^^-'Gg'^(7l,2) + ^l'^^^^?"^^(7l34), 
(723 - 7273)(^2)'^^^-^(^1^4)'"-^ = 72(^1^4)'^-'^^ Fi'^^(73) + ^3'^^i^i''^ (72) - ^2'^^^-'^^^^ (723) ■ 

Hence 

7123 = 72713 ,72 = 7234712 ,71 = 7127134 ,723 = 7273, 

which are the same relations as ujs in (27) for i = 1 under the identification: ui = 7234, and 
Uj = 7ij for J 7^ 1. By permuting the indices, one can show that all the rest relations in (27) are 
satisfied in terms of the 7/s. Hence by (33), J = I{y) for y near xc^ with tijs as the coordinates of 

y- 

For Jo is of type C'{, the following elements are in J by (32), 

(7234 - 73472)^l'^-'^2'^^-' = (^3^4)'^=^^^^'^^ (72) + 72^l'^-'^^44'\734) - '''^ (7234), 

(72 -7237l24)(^1^4)'"*-'^3'^-' = -^3'^^ i^i''^(72) +^2'^^^43' (723) +723(^1 ^4)'»^-'i??^'*^(7l24), 
(7124 -7l724)^l'"-'^3'^-' = (^2^4)'l^^-P^^^(7l) +7l^3'^-'^-^44'^(724) " ^I'^'^-'i^f (7124) , 
(712 - 7l72)^2'^^^-\^3^4)'^^-' = 72(^3^4)'^-'^^i^f ^^(71) + ^I'^^i^i'^^ (72) - ^2'^^^-'G'/2^ (712). 

Hence 

7234 = 73472, 72 = 7237124, 7l24 = 7l724, 7l2 = 7l72 , 

which are the same relations of UjS in (28) for i = 1 under the identification: u'^ = 71, U2 = 734, u'^ = 
724, 1*4 = 723- By the similar argument, all the relations of (28) hold; therefore J = I{y) for y near 
xqi^ having the coordinates u'^s. 

By the results we have obtained, one concludes that Hilb'^(C^) is a smooth toric variety, hence of 
the form where H** is a simplicial decomposition of A which is refinement of H* corresponding 
to the morphism A. Indeed, the above analysis of local structure of Hilb'^(C^) has shown H* = H**, 
therefore A is an isomorphism between Xs* and Hilb'^(C^). The number of exceptional divisors 
appearing in the canonical bundle of Xs* is equal to ^(''+^)(^+^) by (33). □ 



5 G-Hilbert Scheme over /%4. 

It is known that the alternating group 2t„+i is a simple group except n = 2, 3, in which cases, 
2I3 ~ Z3 and 2I4 is isomorphic to the ternary trihedral group (Z2 X Z2) <Z3. The G-Hilbert scheme 
for 2I3 is the minimal resolution of C^/2l3. In this section we are going to give a constructive proof 

of the smooth and explicit crcpant structure of Hilb^(C^). 

Theorem 5.1 Hilb'^^^C-'^) is a smooth variety with trivial canonical bundle. 

We shall devote the rest of this section to the proof of the above theorem, and always denote 
G = 2I4. Introduce the following coordinates (-21,^2,-2^3) of V in (10)^=3, 

Zl = -Z\ +Z2 + Z3- Z4, Z2=Zl-Z2 + Z3- Z4, Z3 = Zl + Z2 - Z3 - Z4 , 
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where Ylj=i^j — 0- The irreducible representation of G on C^(= V), denoted by 3, has the 
following matrix forms for generators of G, 



(12)(34) ^ -10 , (13)(24) 




-1 








1 




1 


• 


, (123)^ 


• 



















/ 



There are 4 distinct irreducible G-modules, Irr(G) = {1, l^j, Itj, 3}, where uj := e "s^, and 1* is 
the G-character determined only by the (123)-value *. Using the coordinates of C^, the 

generators of G-invariant polynomials in C[Z] are: 

Yi =Zf + Zl + Zi, Y2 =ZiZ2Z3, 

Y, =z!zi + zlzi + zizl X = {zl - zl){zl - zl){zl - ZD . 

Note that the above variables arc related to S2,S3,.S4,c? in (11)„=3 by the relations, Yi = —8^2, 
Y2 = — 8S3 , I3 = 16s| — 64s4 , X = QAd. The G-invariant polynomial relation (11) with F3 in (12) 
becomes 

X'^ = -4Y^Yi - 27Y^ + ISYiY^Ys + Y^Y^ - AY^ . (34) 

Let C[Z]j be the space of homogeneous polynomials of degree j, and denote -f(o)j- = I{o)-^ nC[Z]j. 
Then I{o)^ is a G-submodule of I{o)^. In fact, the only non-zero I{o)j~s are among the range 
< j < 5, whose G-irreducible factors are as follows, ( an equivalent form see, e.g., Table 2.2 in 

[6]), 

/(o)^ = mo ^1, rno = C, 

I{o)j;=mi ~ 3, mi = {Zl, Z2, Z3},_ 

1(0)^ = m2 + m3 + m4 ~ l^j+luj + S, rn2 = {f}, nis = {f}, = {Z2Z3, Z3Z1, Z1Z2}, 

I{o)^ =1715 + 1716 ~ 3 + 3, 1715 = f{Zi,Uj'^Z2, CO Z3}, 1716 = f{Zi,L0Z2,Uj'^Z3}, 

I{o)i =1717 + 1718 + mg ~ 1^+1^ + 3, 1717 = {f },m,s = {f},mg = f{0jZiZ2,Z2Z3,Uj'^Z3Zi}, 

I{o)^ = mio - 3, mio = f {Zi,uj'^Z2,LoZ3} , 

(35) 

where / := Yl'j=i'^'' / •= Sj=i ^^'^ '^^j- h.ave the G-irreducible decomposition, /(o)-*- = 

J2kLo "^fc- Note that //, are G-invariant polynomials with the following relations, 

f7 = Y^^-3Ys, f-f = 3iu;^-u;)X, f + f = 27Yi - 9YiYs + 2Y,^ . (36) 

Lemma 5.1 Among rrikS {1 < k < 10), the following tree diagram holds: 

m2 1715— — mg 

m^<^ mio 
m3 m^f^ my^^ 

where the mj of the right end of an edge is contained in the ideal generated by the nii of the left 
end of the edge and I (a) . 

Proof. By the expression of m^, all the relations in the above diagram are trivial except the 
following ones: 

mg C me + I{o) , mio C ms + I{o) , mw C mg + 7(o) . (37) 

Define the irreducible G-submodules of C[Z], isomorphic to 3: mg = f{u>^ZiZ2, Z2Z3,loZsZi} , 

mio ■= f'^{Zi,LLiZ2,Lo'^ Z^}. Then we have the equalities of ideals in C[.Z], (mg, J(o)) = (mg,7(o)), 
(mio,/(o)) = (mio,/(o)), which imply the relations in (37). □ 
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We shall call an ideal Jo in Hilb'^(C^) to be central if Jo is generated by I{o) and a finite number of 

m^s. (The central ideal Jq here will play a similar role of monomial ideals in previous sections for 
the case of abelian group.) By Lemma 5.1, there are exactly four central ideal Jq with the following 
G-irreducible decomposition of C[Z]/Jq presented in (38). 

Jo, C[Z]/Jo 

Xo '■= if) + I{o), mo + mi + ms + 771,4 + me + rn-j; 

x'o'-= {f) + mo + mi +m2 + m4 + ms + ms; (38) 

Xoo := (^i/, w^^2/, wZs/, / ) + /(o), mo + mi + m2 + ma + m4 + me; 
x'^ := {Zif,LoZ2f,Lo'^Z3f,f'^) +/(o) , mo + mi +m2 + m3 + m4 + m^. 

Note that the Jo's presented in (38) are characterized as the ideals in Hilb'^(C^) with monomial 
polynomial generators in C[Z]. All the above four elements lie over o G Sq under the morphism 
CHiib of (4). By the analysis in §2.5 of [6], cr^ln^io) consists of a tree of three smooth rational curves, 
L + 1 + L'. Here are the locations of JoS in o"yQ^,(o): xq e {L \ I) U L' , Xoo = LDl, x'^ = L' Dl , 
Xq G (L' \ l)[JL, (see Fig. 6). We are going to show that every J in Hilb'^(C^) can be deformed to 




Figure 6: Tree configuration of (^nln^io) for G = 2I4 

one Jo in (38). For J G Hilb*^(C^), denote h{J) be the homogenous ideal in C[Z] generated by the 
highest total degree part of elements in J. As the top degree of a polynomial in C[Z] is preserved 
under the G-action, h{J) is G-invariant. By applying the Grobner basis technique with a monomial 
order of total degree in C[Z], one obtains the same ideal, lt(J) = lt(/i(J)), hence a set of monomial 
elements in C{Z] which represent the basis for both C[Z]/J and C[Z]/h{J). Therefore h{J) is a 
homogeneous ideal in Hilb'^(C-''). Note that cruiihiHJ)) = o. By (2.4) in [6], h{J) G {xo,x'q} U I. 
Hence h{ J) and J can be deformed to an clement in (38). Now we are going to determine the local 
structure near these four central elements in Hilb'^(C^). 
For J near the element x^ in Hilb'^(C'^), we have 

— 2 

J = if - vof, m5 - viiriQ - V2m4 - ■uami, Yi - rji,Y2 - Y3 - X - ^) , 
where i^,,i]ijV2,V3) satisfies (34), and ms — viuiq — V2m4 — vsmi is the G-module Yl^=i ^Pj with 

Pl := fZi-VifZi-V2Z2Z3-V3Zi,P2 := /w^Z2-'Ul/wZ2-'U2-^3-^l-t'3^2, P3 := fuZa-vifu'^Zs- 

V2Z1Z2 - V3Z3. By 

f"^ - (virji + V3)f = Zipi+uj'^Z2P2 + ujZ3P3 + vi{Yi-r]i)f G J (39) 
{m - - voVi)f = Zipi + uZ2P2 + i^'^Z3P3 + vi{f'^ - vof) - {Yi -r]i)f e J , 

and the first relation of (36), we have {Srjs — ri\ — vq{v3 + vir/i))/ G J. As / ^ J, we have 

i]i-V3- vqVi = , 3?73 - ??i = i;o(-;;3 + vii]i) . 

By the relations: 3^2/ - V2{ZlZl + loZ^ZI + w^Zf Z|) = Z2Z3P1 + i^Z3Zip2 + ui^ZiZ2P3 G J, and 
T - YiJ = ?,{ZlZl + uZlZl + w^Zfzl), we have 

9772 + 'y2??l - VqV2 = . 
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By (36) (39), we have 



-?3 



3(a; -u)i = f -f ={virii + V3-vo)ff = {virji + V3~vo){vi-^V3) (mod J) , 



hence 



By the relation 



3(u;^ - o;)^ = {virn + V3 - vo){vi - 3%) • 



V2P3 — {UJ — UJ^){(uP' + UVl)ZiP2 - {u) + UJ^Vl)Z2Pl) = 

'yi(9??2 + VQV1V2 + V2V2, — vqV2)Z3 + (3t;ir7i + "iv^ - ZviV2, — V2)ZiZ2 (mod J) , 

and Z1Z2, Z3 representing two basis elements of C[Z]/J, one obtains 

3i;i?7i + 3^3 - 3viV3 - V2 = , wi(9?72 + V0V1V2 + V2V3 - V0V2) = . 

With all the above relations among VjS, rj^s and in the above, one can conclude that {vq,vi,V2) 
forms a coordinate system of Hilb*^(C^) centered at Xqo, and the other parameters in the expression 
of the ideal J are expressed by the following relations. 



'^3 = ^^2 ~ vovf, r]i = ^V2 + VoVl-VoV^, 

m = ^V2{3vo - SvqVi - fl + ^vqvI), r]3 = ^{Svovf - v'^){3vov1 - 3voVi -v\^ 3t'o), 

,,2 _L Q,,_, „,2^,'Q,,_,,3 ,,2 ,,_„2^ 



3^2 



Note that the above C,t?i,??2 5% satisfy the relation (34). Furthermore, Vj^ are G-invariant rational 
functions in ZjS with the following expressions: 



_ 3(a;-a;2)g-9r?n?3 +277?|+2>;f 

^0- %^^=^) ' ^1 

6r?2(??i— 3r?3) 

^2 - (a;-a;^)^-r;i»?3+9»?^ ' ""^ 



-2>73(>;f-3>73) 
(w-a;2)^-j7iJ73+9?72 ' 



This implies dZ\ A A dZ^ = ^ dvQ A dvi A (ii;2. 
For J near the element in Hilb'^(C^), we have 

J = {f - v'of, me - v[m5 - V2m4 - Vami, Yi - ryi, F2 - ?72, ^3 - %, ^ - • 

By a similar argument as the case Xqo, ('I'o' '^'i' '^2) forms a coordinate system of Hilb^(C^) centered 
at x'^ with the relations. 



3^2 



0^1 ' 



??1 



r/2 = ^V2 (H - H^'i - ^2 + St'o^/i' ) , % = ^ i?v'^v'^ - t's') (St'ot'f 



We have 



_ 3(a;2-a;)g-9??itj3+27?7|+2?7f 



2(^3%) 
6r?2(??i-3T?3) 

(a)2-a))^-T;ir?3+9r?^ ' 



(cj2-a;)g+t;it;3-9??| 
-2^3('??-3>?3) 

(a)2-a))^-77l773+97?^ ' 



and dZi A A = '^^^dv'^ A A dug. 
For J near xq in Hilb'^(C^), we have 



J = {f - uof , mg - -uime - U2m4 - u^rni, 11 - 771, 12 - 7?2, 13 - ?73, ^ - > 
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where ?72, is as before, and mg — uiuiq — U2'm4 — u^mi is the G-module Yl^=i '^Qj with 

qi := /Z2Z3-M1/Z1- 7X2^2^3 -usZi , q2 := fu}Z'iZi-uifu}Z2-U2Z'iZi-u^Z2, qs := fuj'^ZiZ2- 
ui/cj2Z3-M2^i-^2-'"3-^3- By the relation, -(■ui+uqUs)/ = -uif -u^f = Ziqi+ujZ2q2+(^'^Z^q^ 
(mod J), we have 

Ui = -U0U3 . 

By (3r72 - - Us)/ = Ziqi + ^^^2^2 + ^^^393 £ we have 

3?72 = ixi??! + ^3 = ■"3(1 - uorji) . 
By the relations, = uof f = uo{rjf — 8773)/ (mod J) and 



^2^391 + W^^3^l92 + ^^1^293 = (% ^3mi?72)/ - t/2(^|^| + W^^f^f + W^f ^2) (^od J), 

we have 



Z^Zi + u-'ZlZf + uZjZl = i(/2 - r?i/) = liuoivl - 3%) - m)f (mod J) , 



(1 + UQU2)ri3 = ^(9-^1772 - U2rjl + uoU2'ni) ■ 



Using (36), one has 



uo_fp-f^3{u;^-u;)(, 2uo{r]j - Svs)^ - 2/' = 6{u^ - u;)^ (mod J), 
2f = 21r]l - 9?7ir?3 + 2ril - 3(u;2 _ ^-)^ ^^^^ j) ^ 

hence 

3(c^2 _ = 2uo{rii - 3mf - 274 + ^Vm - H . 
Using the above relations, we have 

{1+uqU2){1 - UQ7]i){Ziq2 - Z2qi - ui{u - io'^)q3) 
1 

'2+U! 



2 , 

^2^^^^ + U0U2) -J^U2Zz{f - Uof ) + uoU2Zs{p - uoim - Srjs)/ = {Z^f - Zsujrii){l - uor]i)ir]i +U2 + uqu^ 



As Z3/, Z3 are two basis elements of C[Z]/J, their coefficients in the last term of the above relation 
are zero. This implies 

m = -U2 - UquI + SUoUg . 

Prom all the above relations between Ui,rjj,^, one concludes that (no, 'U2) '^^3) forms a coordinate 
system of Hilb*^(C^) centered at xq and the following relations hold, 

ui = -U0U3, r]i = -v,2 - uquI + Su^uj, 

V2 = 1^3(1 + ""0^2 + ""0^2 " ^njjng), rjs = ^{ul - 3uoul){l + U0U2 + u^ul - 3uquI) 
C = ^"^{-l + uoU2){3v?^ + w| - 3noU2ui)(l + U0U2 + ulu\ - 3u\ul). 

Again, the above expressions implies the relation (34), and the G-invariant rational function ex- 
pression of Ui^ are given as follows, 

_ 6T?3-2?7f _ r?2(-6??3+2??f) 

° Z{u?-uj)i-\-%r]xr)z-2rii-21'rii ' {uP--u})i^r]xr]z-%'rii ' 

_ -(a;^-a;)g??i-6r?f+9r?ir?f+r?fr?3 _ r?2 (3(a;^ -a>)g+9r?i 7?3 - 27r?| - 2r;3 ) 

"2 (w2_^)^+,,i,,3_gr,^ ' "3 (a;2-a;)e+??i»?3-9»y^ 

hence dZi A dZ2 A dZ-^ = '^^^d.u^ A du2 A ^77,3. 



For J near the clement x'q in Hilb^(C3), we have 

J = {f - u'of, mg - u'im5 - U2m4 - u'^mi, Yi - r/i, F2 - ?72, ^3 - m, ^ -0 ■ 
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By a similar argument as the case xq, one obtains that (140,^2,^3) is an afHne coordinate system 
with 

e =^{-l + «'oii'2)(3nf + u'i - 3<u'2nf )(1 + u'qu'2 + u'^uq - ?,u'iu'i), 
and the following relations hold, 

^ 6r?3~2r?^ ^ r?2(-6>?3+2r?f ) 

^1 ^ -(a--a>^)g?7i-6>?§ +9771 771+77^773 ^/ ^ r?2 (3(a;-a>^ )g+977i773 -27t?| -277f ) 

hence dZi A (iZ2 A dZs = ^4?^'=^^o du'2 A dug. 

With the analysis we have made in this section, one concludes that Hilb'^(C^) is covered by 
four affinc spaces centered at the central elements in (38), and the G-invariant volume form 
dZi A dZ2 A dZ^ of induces a never- vanishing global volume form of Hilb*^(C^). This completes 
the proof of Theorem 5.1. 



6 Concluding Remarks 

In this article, we have provided a detailed derivation of the smooth toric structure of Hilb"^''^^^ (C^). 
Its relation with crepant resolutions of £f^/Ar{'i) has been found, and different crepant resolutions 
connected by flops of 4-folds can be visualized in the process. We have also given a constructive 
verification of the smooth and crepant properties of Hilb^'' (C^) by a direct computation method. 
In the abelian case Ar(4), the solution has been given in Sects. 3, 4 by the standard toric method, 
a combinatorial mechanism built upon monomials in C[Z], which can be regarded as characters of 
the whole torus group Tq, containing ^^(4) as a finite subgroup. The smooth toric structure of 
Hilb'^''^^^ (C^) is derived from a procedure, which mainly consists of two steps: first, one obtains 
a complete list of monomials ideals in IIilb'^'''^^'*(C^) which correspond to the 0-dimensional toric 
orbits, ( see (21) (30) (32)); second, by the Grobner basis technique and a detailed analysis of the G- 
regular module property of C[Z]/J for an ideal J in Hilb'^''^^^(C^), one proceeds to identify the toric 
coordinates from the ideal-generators of J. In this manner, the explicit form of the canonical bundle 
ofHilb^'-W(C4) can be determined as a disjoint sum of exceptional divisors, each of which could be 
blown down to give rise to crepant resolutions of C'^/ylr(4). These crepant resolutions are connected 
by a sequence of flops in 4-folds through Hilb'^''^^^(C^). We intend to apply a similar mechanism to 
the non-abclian case G = 21^+1, but relying only on the data of G-representations in C[Z], a "big" 
group like the torus in the abelian case does not exist in the latter case though. In §6, we have 
made a detailed study on the structure of IIilb*^(C"^), which would serve us as a demonstration of 
the effectiveness of the method even though its crepant smooth conclusion is known by now [2]. 
We have succeeded to give an explicit verification of the crepant smooth structure of Hilb^(C^) 
following our thought by a direct constructive method via group representations. A similar analysis 
to the higher dimensional cases is now under progress and partial results are promising. As to the 
role of G-Hilbert scheme in the study of crepant resolution of Sq, our conclusion for the case 
G = >lr-(4) has indicated the non-crepant property of Hilb*^(C^), but with a intimate relation with 
crepant resolutions of Sq- For higher dimensional case, this kind of link between Hilb'^(C"') and 
some possibly existing crepant resolutions of Sq could be further loosely related. However, the G- 
Hilbert scheme would still be worth for further study on its own right due to the built-in character 
of group representations into the geometry of orbifolds. This could be a promising direction of the 
geometrical study of singularity. Such program is now under our consideration for the future study. 
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